For the longitudinal motion of air breathing hypersonic vehicles (AHFVs), a minimax linear quadratic regulator (LQR) control is synthesized considering seven uncertain aerodynamic and inertial parameters. The minimax control strategy works under the assumption that the uncertainties satisfy certain integral quadratic constraints, and provides robust stability as well as robust performance for the AHFV system with uncertainties. The design utilizes the effectiveness of the widely used feedback linearization technique with a special treatment of the non-vanishing nonlinear terms in the presence of uncertainties. The outputs to be controlled are the longitudinal velocity and altitude, and the control variables are the throttle setting and elevator deflection. The performance of the controller is evaluated at a particular cruise condition at Mach 15 with 100f t/sec and 2000f t commands for velocity offset and altitude respectively. Results for the proposed controller are also compared with results in the literature utilizing adaptive sliding mode and stochastic robustness based controllers , and the proposed minimax controller is demonstrated to be more robust than these approaches in the presence of uncertainties.
I. INTRODUCTION
The study of hypersonic technology started as early as sixty years ago together with the development of hydrocarbon-fueled conventional ramjet (CRJ) engines by NASA. 1 Continuous research efforts resulted in many advances and subsequently enable NASA to conduct two successful flight tests of the X-43A hypersonic test vehicle. As a part of the NASA Hyper X program, these tests which were conducted on March 7, 2004 and on November 16, 2004 marked major milestones in the history of hypersonic technologies. Although, these test vehicles were designed to test hypersonic air breathing propulsion systems that would operate up to Mach 15, 2 they also motivated researchers to test other systems such as guidance and control systems. The lack of wind tunnel test data at hypersonic speeds and the limited flight data base [3] [4] [5] leave no choice for the control system designers other than to rely on numerical algorithms to predict aerodynamic and propulsive characteristics. Due to the significant difficulties in accurately acquiring the system parameters, control systems for air-breathing hypersonic vehicles (AHFVs) need to be robust enough to allow for modeling uncertainties.
In the last three decades, significant development have been made in the field of robust control. 6 Manny different powerful techniques have been obtained for the stabilization of linear systems in the presence of uncertainties. 7, 8 However, the problem of designing a robust controller for nonlinear systems to achieve desired performance is still a challenge. This problem can be approached by linearizing the model at given operating points, and once a linear model is obtained, any linear robust controller design technique can be applied. [9] [10] [11] [12] [13] The widely used Jacobian linearization method gives the linearized model for a given nonlinear system at a given equilibrium point. However, if the system dynamics are highly nonlinear or deviate significantly from the operating point, then Jacobian linearization may not work effectively. Based on a Jacobian linearization model, an effort was made in Ref. 9 to design robust H ∞ and µ-synthesis based controllers. These controllers were tested on a full six degree of freedom generic hypersonic vehicle simulation model and demonstrated to be effective but have the common property of being highly conservative with undesirable compromise in performance.
To avoid the drawbacks of control system design based on linear models designs based on nonlinear models were also presented in the literature. [14] [15] [16] [17] These nonlinear designs were demonstrated to be robustly stable to some extent but they are subject to some inherent problems such as large steady state errors and control input chattering in the presence of uncertainties.
In this paper, a robust nonlinear control system for an AHFV is synthesized using robust minimax control synthesis and feedback linearization approaches together. The formulation is based on the techniques developed in Ref. 18 . A feedback linearized uncertainty model of the longitudinal AHFV dynamics used in the controller synthesis has been derived in Ref. 19 at local cruise conditions. The main idea in our approach is to suppress the perturbation arising from nonlinear uncertainties using minimax optimal control.
7, 20 Seven inertial and aerodynamic uncertain parameters are systematically introduced in the design and simulated at trimmed cruise conditions. In the proposed framework, it is assumed that the uncertainties satisfy an integral quadratic constraint (IQC) condition and the operating condition is known for the given uncertain model. 20 Finally, the performance of the proposed controller is compared with two other robust controllers from literature 15, 17 and is demonstrated to be much more effective than those two controllers in the presence of higher values of uncertainties.
The paper is organized as follows: In Section II, the general form of the longitudinal nonlinear uncertainty model of longitudinal AHFV dynamics along with the detailed uncertainty model developed in Ref.
19 are presented. Section III describes the synthesis of a minimax controller for the AHFV model presented in Section II. Simulation results are presented in Section IV. Finally the paper is concluded in Section V with some remarks on practical issues and future work.
II. An AHFV Uncertainty Model

A. Derivation of the Model
In order to design a minimax controller for the AHFV, we use the linearized uncertainty model developed in Ref. 19 . The model in Ref. 19 is derived based on the longitudinal equations of motion presented in research papers by Wang and Stengel, 14 and Xu, Mirmirani and Ioannou. 17 The equation of motions are as follows:
where
The stability derivative coefficients are given by
CT (β) = aT 0 β if β < 1,
where CMα = aM 1 + ∆CMα, and aL 1 , aD 2 , aD 1 , aD 0 , aT 0 , aT 11 , aT 12 , aM 2 , aM 1 , aM 0 , aq 2 , aq 1 , and aq 0 are specific to the given cruise condition.
In the development of a linearized uncertainty model for the AHFV, the nonlinear rigid model (1)-(2) was first feedback linearized in the presence of uncertainties and the remaining nonlinear uncertain dynamics were treated in such a way that they could be written in a form appropriate for minimax control design. Considering the velocity (V ) and altitude (h) as outputs, the longitudinal dynamics system (1)-(2) can be expressed as follows:ẋ
where p ∈ R 6 is a vector containing the uncertain parameters of the system, which will be described in detail in the sequel, f (x, p), g k (x, p) and h i (x, p) are sufficiently smooth functions a . The state x, the parameter vector p, the control vector u and the output vector y are defined as follows:
Here, V c and h c are the desired commands for velocity and altitude, respectively, and
The system (5) can be separated into nominal and uncertainty parts by using the fact that p s = p s0 + ∆p, where p s0 and ∆p s denote the nominal value and the uncertain component of the sth element of vector p, respectively, for s = 1, · · · , 6. Hence, system (5) can be transformed to a linear system by applying feedback linearization to its nominal part and linearizing the uncertain part at local operating points of interest e.g. the ones given in Table 1 . The transformation which is applied is as follows:
The feedback linearization control law for the nominal AHFV model is defined as follows:
a Here sufficiently smooth means either infinitely differentiable or differentiable of order required by the control design approach to be applied.
T is the new control input vector. The derived linearized uncertainty model, after application of feedback linearization control law (8) and local linearization of uncertainty terms at trimmed cruise conditions can be written as follows: 18, 19 
and ∆1 = ∆2 = diag( ∆ρS ∆c ∆ce 1/∆m 1/∆Iyy ∆CM α ) are uncertainty matrices. Here, z 1 (t) ∈ R 6 , z 2 (t) ∈ R 6 are the uncertain outputs and ζ 1 (t) ∈ R, ζ 2 (t) ∈ R are the uncertainty inputs. It is assumed that the uncertainties in the system (9) satisfy a standard norm bound condition ( ∆ j ≤ 1) and which leads to the IQC condition
where . denotes standard Euclidean norm, χ 0 = χ(0) is the value of χ(t) at t = 0, and t i may be equal to infinity.
B. Numerical Values for a Sample Flight Condition
Consider the nominal flight dynamics of the AHFV at a trimmed cruise condition with the parameters given in Table 1 . The corresponding values of the stability coefficient parameters in (3), (4) are specified as follows: a L1 = 0.6203, a D2 = 0.6450, a D1 = 0.0043378, a D0 = 0.003772, a T0 = 0.02576, a T11 = 0.0224, a T12 = 0.00336, a M2 = −0.035, a M1 = 0.036617, a M0 = 5.3261 × 10 −6 , a q2 = −6.796, a q1 = 0.3015, a q0 = −0.2289 and c e = 0.0292.
After presenting our minimax LQR control design for the AHFV in the next section, we will present simulation results on application of the proposed minimax LQR controller at the flight condition specified in Table 1 . Numerical values for all the unknown terms in (10) for the flight condition specified in Table   Table 1 19 and are also given in the Appendix for convenience. Function arguments are deliberately omitted for the sake of brevity. The assumed bounds for the uncertain parameters are given in Table 2 . Uncertain parameter Maximum Allowed Uncertainty
III. Minimax LQR Controller Synthesis
The design of a controller for AHFVs is a highly challenging task. In an attempt to design robust controllers for AHFVs, some researches have used a Jacobian linearized system model considering the uncertainties in the system matrices but lacking any further insight in the natural behavior of the actual parameter uncertainties and their bounds. 9, 10, 22, 23 Nonlinear designs based on the feedback linearization method have also been considered in Refs.
14, 17 Such control system designs are robust to some extent for some classes of uncertainties, but they often cannot achieve the required performance under parametric uncertainties.
To address some of the shortcoming in the robust control approaches mentioned above, we propose to use a robust minimax LQR (minimax optimal control) approach together with the feedback linearization method for the class of uncertain systems defined in (1)-(2). 18 The minimax optimal control design method is an extension of the LQR method to a class of uncertain systems. This controller design method provides robust stability as well as robust performance for systems with structured uncertainty by incorporating the uncertainty bound directly in the controller synthesis. Furthermore, minimax optimal control minimizes the maximum value of quadratic cost function
where Q = Q ′ > 0 and R = R ′ > 0 are given state and control weighting matrices respectively, and gives an optimized controller for the selected performance index.
The minimax optimal controller can be constructed by solving a game type parameter dependent Riccati equation
for given parameters τ1, τ2 > 0 20 where,
If the solution X τ of Riccati equation (13), for the given parameters τ 1 and τ 2 , is symmetric and positive definite, the controller leads to a stable closed loop system. 20 In addition, the optimum value of the parameters are selected in such a way that they lead to a minimum value of the bound :
on the cost function (12) , where D j > 0 for j = 1, 2. The minimax optimal control law, for given values of the optimized parameters τ 1 and τ 2 and performance matrices Q and R is given as follows:
where G τ is controller gain matrix. Following the procedure described above, we design a minimax optimal controller producing the control signal v by selecting appropriate weights for the system and solve the Riccati equation depending on the parameters τ 1 and τ 2 . The selected weights and the value of the parameters are given below:
, 500, 600, 0.11, 1, 11000, 1000, 1000 ,
It should be noted that the controller is designed to follow steps inputs for the velocity and altitude step input. The step changes in altitude and velocity (2000f t and 100 ft/s respectively) are sufficiently large for the AHFV system, so that it is not possible to track these changes instantaneously. Attempting to track these step changes instantaneously would lead to unwanted behavior such as input saturation and the integral windup problem. We address these problems by the introduction of a first order pre-filter whose time constants are chosen a few times smaller than the settling time of the controlled system without a pre-filter. It will be demonstrated in the next section that application of control law (15) with the above parameters and pre-filter stabilizes the AHFV system and meets the tracking goals at the given cruise condition. 
IV. Simulation Results
Simulation studies for the controller synthesized in Section III have been conducted based on the nonlinear longitudinal AHFV motion dynamics model (1)- (2) . In order to analyze the robustness properties of the synthesized controller, nine cases with different combinations of uncertainties have been considered. The case when ∆m and ∆I yy takes their maximum negative values and all other parameters take their maximum positive values is defined as the worst case uncertainty, similar to Ref. 17 . The considered cases of uncertainties are defined in Table 3 . A comparison of the responses of the minimax optimal controller with an adaptive sliding mode controller The ASMC and SRC based approaches do not use any information about the bound on the uncertainties, and therefore fail to perform robustly under certain combinations of uncertainties. The minimax controller for the AHFV systematically incorporates the given bounds on the uncertainties and guarantees robustness. The responses in Figs 4, 7, and 9 show that this approach gives a better response in terms of robustness and performance. Another advantage is that this controller can be modified for higher values of uncertainties as long as they satisfy the IQC condition. The minimax optimal control approach utilizes slightly large control effort but remains practical and can work even under higher values of uncertainties where the other (considered) controllers fail to work.
V. Concluding Remarks
A minimax LQR tracking controller for velocity and altitude tracking of an AHFV is synthesized. In the development of this controller a rigid body uncertainty model of the longitudinal dynamics of AHFVs has been utilized. The approach taken here enables the control system designer to systematically incorporate the known bounds on the uncertainties in the design phase. The results of the proposed method are compared with two other controllers in the literature and the proposed control scheme is demonstrated to be more robust against uncertainties. Controller responses are demonstrated to be very good for the given uncertainty bounds and even for uncertainties whose magnitudes exceed the upper bounds assumed in the control design. This approach utilizes a slightly large control effort but remains practical and provides robust performance. The presence of integral of error states in the developed controller may cause integral windup problems, but such phenomena can be dealt with a variety of ways. 24, 25 In our work, this problem is alleviated by the 
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